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Abstract
Blazars, a subclass of active galactic nuclei, are prime candidate sources for the high energy neutrinos recently detected by IceCube.
Being one of the brightest sources in the extragalactic X-ray and γ-ray sky as well as one of the nearest blazars to Earth, Mrk 421
is an excellent source for testing the scenario of the blazar-neutrino connection, especially during flares where time-dependent
neutrino searches may have a higher detection probability. Here, we model the spectral energy distribution of Mrk 421 during a 13-
day flare in 2010 with unprecedented multi-wavelength coverage, and calculate the respective neutrino flux. We find a correlation
between the > 1 PeV neutrino and photon fluxes, in all energy bands. Using typical IceCube through-going muon event samples
with good angular resolution and high statistics, we derive the mean event rate above 100 TeV (∼ 0.57 evt/yr) and show that it is
comparable to that expected from a four-month quiescent period in 2009. Due to the short duration of the flare, an accumulation
of similar flares over several years would be necessary to produce a meaningful signal for IceCube. To better assess this, we apply
the correlation between the neutrino and γ-ray fluxes to the 6.9 yr Fermi-LAT light curve of Mrk 421. We find that the mean event
count above 1 PeV for the full IceCube detector livetime is 3.59± 0.60 (2.73± 0.38) νµ + ν¯µ with (without) major flares included in
our analysis. This estimate exceeds, within the uncertainties, the 95% (90%) threshold value for the detection of one or more muon
(anti-)neutrinos. Meanwhile, the most conservative scenario, where no correlation of γ-rays and neutrinos is assumed, predicts
1.60 ± 0.16 νµ + ν¯µ events. We conclude that a non-detection of high-energy neutrinos by IceCube would probe the neutrino/γ-ray
flux correlation during major flares or/and the hadronic contribution to the blazar emission.
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1. Introduction
Ground-based imaging Cherenkov observatories, such as
H.E.S.S. [1], MAGIC [2] and VERITAS [3], in synergy with
the Fermi-Large Area Telescope (LAT) [4], have accumulated
sufficient γ-ray data to convincingly prove that blazars, a class
of active galactic nuclei (AGN) whose jets point along our line
of sight, are efficient particle accelerators. It is commonly ac-
cepted that particle acceleration, which, in principle, affects
both electrons and protons, takes place in an “active” region
of the blazar jet, such as a standing shockwave [5, 6] or in
sites of relativistic magnetic reconnection [7–9]. If this is the
case, then it is expected that both leptonic and hadronic emis-
sion processes will contribute to the production of the multi-
wavelength (MW) blazar emission (for a review, see [10, 11]).
In a nutshell, in such scenarios the characteristic blazar spectral
energy distribution (SED) that shows two humps in a luminos-
ity vs. frequency diagram [12, 13] is explained in terms of elec-
tron synchrotron radiation (from radio up to UV/X-rays) and of
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hadronic-related processes (from MeV to TeV γ-rays). The lat-
ter include proton synchrotron radiation [14–16], pion-related
cascades [17, 18] and synchrotron radiation of pion-produced
pairs [19, 20].
Although theoretical models invoking high-energy protons
have similar success to leptonic models in fitting the SEDs of
blazars [20–25], there is still no direct evidence of proton accel-
eration in blazar jets (for searches of correlation between AGN
and ultra-high energy cosmic-ray events, see also [26–30]). The
ultimate proof for the existence of high-energy protons in blazar
jets can come only from the detection of high-energy neutrinos
[e.g. 31, 32].
Neutrino production in AGN flares has been modeled in an-
ticipation of observations by previous neutrino telescopes, such
as AMANDA [33]. It was also postulated by [34] that elec-
tron neutrinos produced during AGN flares could be observable
by Fly’s Eye, a cosmic-ray observatory. Both those models fo-
cused on flat spectrum radio quasars (FSRQ), and in particular
3C 279, as they were assumed to have higher neutrino luminosi-
ties than BL Lacs. The inherent difficulty in modeling “orphan”
TeV flares (i.e. with no X-ray counterparts) with leptonic syn-
chrotron self-Compton (SSC) emission [35] made such events
an enticing target for hadronic models; particularly the 2002
flare of 1ES 1959+650, which was investigated in that regard
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by Halzen and Hooper [36] and Reimer et al. [37]. Soon after-
wards, Dermer et al. [38] presented a more detailed analytical
calculation of expected neutrino emission during FSRQ flares,
taking photon-photon (γγ) absorption into account.
An accurate modeling of the neutrino emission in both qui-
escent and flaring states of blazar emission, which acts comple-
mentary to model-independent studies [e.g. 32, 39–41], is vital
for the interpretation of observations by neutrino telescopes, es-
pecially in the context of the recent discovery of astrophysical
neutrino events in the 100 TeV-2 PeV energy range by IceCube
[42, 43]. In fact, the neutrino spectrum extends to the multi-
PeV energy range thanks to the newest IceCube detection of a
track-like neutrino event with energy significantly above 2 PeV
[44]. The neutrino flux expected from a non-flaring blazar in
the context of a specific leptohadronic model for the blazar SED
was recently presented in [19]–henceforth, DPM14, where the
blazar Mrk 421 was used as a testbed. This is one of the nearest
(z = 0.031, [45]) and brightest BL Lac sources in the very high
energy (VHE; Eγ > 200 GeV) sky [e.g. 46] and extragalac-
tic X-ray sky, which makes it an ideal target of MW observing
campaigns. In particular, the results of the 2009 MW campaign
[47], which covers approximately a four month non-flaring pe-
riod (“quiescence”) of Mrk 421 were used in DPM14. The
compiled time-averaged SED was modeled using a numerical
leptohadronic code [48] that self-consistently treats the energy
losses of all radiating particles in the active region of the blazar.
Implications of our model regarding other individual blazars
and the neutrino background emission from the whole BL Lac
population were presented, respectively, in [25] and [49].
In this paper, we expand upon the work of DPM14 by study-
ing the neutrino emission from Mrk 421 during a flaring period
in both X- and γ-ray energy bands. To this end, we apply our
model to the 13-day flare of 2010 (MJD 55265-55277), hav-
ing an unprecedented MW (from radio up to TeV γ-rays) and
simultaneous (within 2-3 hours) coverage [50]. This dataset,
with its wide coverage in energy and time domains, offers a
unique opportunity to:
• test the applicability of the model to an active state of
blazar emission;
• study the evolution of the neutrino spectrum during a pe-
riod of flaring activity and calculate the respective neu-
trino light curve;
• test possible correlations between the neutrino and pho-
ton fluxes in different energy bands (e.g. X-rays and γ-
rays);
• calculate the neutrino flux from Mrk 421 during a γ-
ray flare and compare it against the one expected from
a longer, but non-flaring period, i.e. in quiescence;
• make predictions about the cumulative number of neu-
trino events that IceCube should detect in t years, after
applying the photon-neutrino flux correlations, if any, to
the long-term γ-ray (Fermi-LAT) light curve of Mrk 421.
By investigating the aforementioned issues, we plan to ad-
dress the more general question of whether γ-ray flares deter-
mine the optimum time window for high-energy neutrino de-
tection from the nearby blazar Mrk 421.
This paper is structured as follows. In §2 we outline the
adopted theoretical framework and the numerical code. A de-
scription of the IceCube technical characteristics that enter the
neutrino event rate calculation are presented in §3. The results
of our model application to the flaring period of Mrk 421 in
March 2010 are presented in §4. We estimate the cumulative
number of neutrino events from Mrk 421 in the five years of
full IceCube livetime in §5, proceed in §6 with a discussion of
our results and conclude in §7.
For the calculation of the expected number of events by Ice-
Cube, we will focus on searches that use up-going muons [51–
53] rather than high-energy starting events (HESE) [43, 54].
Thanks to a better reconstruction accuracy, larger statistics and
lower energy thresholds, the up-going muon samples are bet-
ter suited to searching for faint signals from potential neutrino
point sources, as we will discuss in more detail in §3. For the
required transformations between the reference systems of the
blazar and the observer, we have adopted a cosmology with
Ωm = 0.3, ΩΛ = 0.7 and H0 = 70 km s−1 Mpc−1. The red-
shift of Mrk 421 z = 0.031 corresponds to a luminosity distance
dL = 136 Mpc.
2. The model
2.1. Theoretical framework
We adopt a one-zone leptohadronic model for the blazar
emission, where the low-energy emission of the blazar SED is
attributed to synchrotron radiation of relativistic electrons and
the observed high-energy (GeV-TeV) emission is assumed to
have a photohadronic origin.
In particular, we assume that the region responsible for the
blazar emission can be described as a spherical blob of radius
R, containing a tangled magnetic field of strength B and moving
with a Doppler factor δ. Protons and (primary) electrons are
accelerated by some mechanism whose details lie outside the
immediate scope of this work. They are subsequently injected
isotropically in the volume of the blob with a constant rate,
which is parametrized as `i,inj = Li,injσT/4piRmic3, where Li,inj
denotes the injection luminosity as measured in the rest frame
of the emitting region, σT = 6.65 × 10−25 cm2 is the Thomson
cross section and the subscript i denotes protons or electrons
(i=p,e). These are assumed to escape from the emitting region
in a characteristic timescale, which is set equal to the photon
crossing time of the source, i.e. tp,esc = te,esc = R/c. Their dis-
tributions at injection are described as power-laws with index si
in the energy range Ei,min = γi,minmic2 to Ei,max = γi,maxmic2.
Photons, neutrons and neutrinos complete the set of the five
stable populations, that are at work in the blazar emitting re-
gion. Pions (pi±, pi0), muons (µ±) and kaons (K±,K0) constitute
the unstable particle populations, since they decay into lighter
particles. The production of pions is a natural outcome of pho-
tohadronic interactions between the relativistic protons and the
2
internal photons; the latter are predominantly synchrotron pho-
tons emitted by the primary electrons. The decay of charged
pions results in the injection of secondary relativistic electrons
and positrons (pi± → µ± + νµ(ν¯µ), µ± → e± + ν¯µ(νµ) + νe(ν¯e)),
whose synchrotron emission emerges in the GeV-TeV regime,
for a certain range of parameter values. Neutral pions decay
into VHE γ-rays (e.g. Eγ ∼ 10 PeV, for a parent proton with
energy Ep = 100 PeV), and those are, in turn, susceptible to
γγ absorption and can initiate an electromagnetic (or hadronic)
cascade [17, 55]. As SSC emission from primary electrons
may also emerge in the GeV-TeV energy band, the observed
γ-ray emission can be totally or partially explained by photo-
hadronic processes, depending on the specifics of individual
sources [25].
Besides neutrinos produced by photohadronic interactions
between protons and photons in the emission region of Mrk 421 ,
an additional component (cosmogenic neutrinos) may emerge
from the interaction of escaping protons from the source with
the background radiation fields, such as the extragalactic back-
ground light (EBL) [56]. In this study, we will neglect the cos-
mogenic neutrino component, for reasons to be discussed in §6.
2.2. Numerical framework
The interplay of the processes governing the evolution of
the energy distributions of the five stable particle populations is
formulated with a set of five time-dependent, energy-conserving
kinetic equations. To simultaneously solve the coupled kinetic
equations for all particle types we use the time-dependent code
described in [48]. Photopion interactions are modeled using the
results of the Monte Carlo event generator sophia [57], while
Bethe–Heitler pair production is similarly modeled with the
Monte Carlo results of Protheroe and Johnson [58] and Mas-
tichiadis et al. [59]. Details of the numerical treatment of short-
lived particles (i.e., µ±, pi±, pi0, K± and K0), which are not mod-
eled with kinetic equations, can be found in [19, 60]. We finally
note that for the range of parameter values used in this study,
the effect of synchrotron cooling for these unstable particles is
negligible.
3. Neutrino point source detection with IceCube
The sensitivity of neutrino telescopes to a neutrino point
source is limited by vast backgrounds of µ± produced in exten-
sive air showers or by charged-current (CC) interactions of at-
mospheric νµ+ ν¯µ. Still, neutrino telescopes can cope with these
backgrounds with focused searches, using track-like events of
µ± penetrating the detector [53, 61], for the following reasons:
(i) the angular reconstruction accuracy reduces the background
to a small part of the sky, while the expected mean background
rate can be effectively calculated using off-source regions; (ii)
track-like events can travel long distances before being detected,
thus yielding a large collection volume which increases with en-
ergy, yielding an effective area 10-100 times larger than that for
starting events [42] (see also Fig. 1); (iii) µ± created in CC νµ in-
teractions are closely correlated to the parent ν direction above
TeV energies (there, the 90% limit on the direction is well be-
low 1° ). However, in track-like events, contrary to the cascade
events, the information of the µ and parent νµ energies is par-
tially lost, since only a small fraction of the energy deposition
along the track is observed.
Even though the aforementioned searches are restricted to
single-flavor neutrinos (νµ + ν¯µ), only muons created in CC
interactions are reconstructed accurately enough to allow for
a robust association of a neutrino with an astrophysical point
source. Furthermore, the position of Mrk 421 in the northern
sky (Dec: 38.19◦) coincides with that region in the sky where
IceCube is most efficient in detecting muon flavored neutrinos
(in the energy range of 100 TeV to a couple PeV). A small addi-
tional component can arise from ντ CC interactions followed by
the sub-sequent decay of the τ-lepton into µνµντ with branch-
ing ratio of 17%1. In addition, regeneration of ντ occurs during
propagation within the Earth [62], increasing the flux at lower
energies. The effect of τ neutrinos on our calculated rates is
expected to be . 10% (compare [63]), i.e. smaller than other
uncertainties considered in this work. Thus, in what follows we
consider only the muon component of the neutrino signal.
Taking into account the performance of the completed Ice-
Cube detector for up-going track-like events [53], the expected
(mean) number of (anti-)neutrinos is then calculated by
Nν = T
∫ Eν,max
Eν,min
dEν
∫
∆Ω(Eν)
dΩ Aeff(Eν, ~x )
∑
i
∂2Fν,i
∂Ω∂Eν
, (1)
where Eν,min = 100 GeV, Eν,max = 100 PeV, ∂2Fν,i / ∂Ω∂Eν is
the incident muon neutrino flux for different flux components i,
and ∆Ω is the observation window around the source position ~x.
Equation (1) shows that the mean number of events measured
by IceCube depends mainly on:
1. the energy range of the flux; neutrino telescopes such as
IceCube start to observe neutrinos in point source searches
at TeV energies. At higher energies, the increasing cross-
sectionσCC
(
νµ + X → µ + Y
)
enhances the effective area
Aeff for neutrinos (see Fig. 1).
2. the point of observation; for the position of Mrk 421 on
the sky (Ra: 166.07°, Dec: 38.19°), the effective area Aeff
of IceCube increases up until 1 PeV before Earth absorp-
tion becomes dominant (see Fig. 1).
3. the contamination of the signal; for the northern sky, at-
mospheric ν¯µ + νµ form an irreducible background over
the high-energy signal. This will be exemplified later in
§4.2 for the case of Mrk 421.
4. the integration time of observation T .
In what follows, we assume 90% of all νµ + ν¯µ events to be re-
constructed within 1°, neglecting the energy dependence of the
IceCube median angular resolution, ∆Ψ. Given that resolution,
which is shown in Fig. 2, our choice provides a conservative
estimate of the event number.
The incident neutrino flux ∂2Fν,i / ∂Ω∂Eν is primarily com-
posed of three components. The first component is the signal
1Due to the three-body decay of the τ lepton, the energy of the final µ will
be lower than that of a µ produced by CC interactions of muon neutrinos.
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Figure 1: Effective area of IceCube Aeff at the position of
Mrk 421 (Ra: 166.07°, Dec: 38.19°) with respect to the pri-
mary neutrino energy Eν. The effective area is shown for typical
up-going muon analysis (solid line) and compared to that of the
high-energy starting event (HESE) analysis for νe (dashed line),
νµ (dotted line), and ντ (dashed-dotted line). Data are adopted
from [53, 54].
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Figure 2: Energy dependence of the median angular resolution
of IceCube ∆Ψ (solid line) and of the estimated 90% upper limit
(dashed line) assuming a Gaussian distribution of the angular
uncertainty. Data are adopted from [53].
from Mrk 421. Its flux is reduced by 10% of events that are
reconstructed outside of the observation window. The other
two components are related to the background neutrino emis-
sion which, in turn, consists of (i) the conventional atmospheric
flux with a soft spectrum of approximately ∼ E−3.7 [64] and (ii)
the astrophysical flux, as measured by IceCube with a spectral
index ∼ E−2.3ν [43]. Here, we treat this component as purely
isotropic, thus, forming an additional background at high en-
ergies for searches of point-like neutrino sources. Within the
window size ∆Ω, which is small compared to the variations of
reconstruction accuracy and effective area, the neutrino flux and
effective area are assumed to be constant. Thus, the integral
over the solid angle in eq. (1) reduces to a constant ∆Ω. An
additional prompt neutrino component is neglected, as it is sub-
dominant to the atmospheric or diffuse flux, both in the low-
and high-energy regimes, respectively.
4. The 13-day flare of 2010
Here, we present our results on the photon and neutrino
emission from the blazar Mrk 421 during the 13-day flaring
event of 2010, focusing on the expected neutrino event rate
from that flare and on the calculation of the IceCube sensitivity
for Mrk 421. We then extrapolate our findings using the long-
term (∼ 6.9 yr) Fermi-LAT γ-ray light curve of Mrk 421 and
make predictions about the cumulative number of events that
IceCube should detect in the following years of its operation.
The SEDs for the period MJD 55265−55277 were modeled
by varying six out of the eleven free model parameters (see Ta-
ble A.6), while the rest of them were kept fixed to the following
values: B = 5 G, R = 3.2×1015 cm, γe,min = 100, γp,min = 1 and
sp = 1.2. The values we chose for each of the six varying pa-
rameters may not necessarily correspond to the best possible fit
for each day, as would be expressed by a χ2 minimum. Never-
theless, a good agreement between the model and the MW data
is obtained for the whole duration of the flare. As the neutrino
spectra are not sensitive to small changes in the model param-
eter values, the derived neutrino rates are robust. This is the
same approach as the one followed in DPM14 and [25].
To minimize the computing time required for modeling the
13-day flaring activity we approximated the flaring period by a
series of 13 steady-state snapshots. The individual daily SEDs
were numerically calculated for different values of the six vary-
ing parameters. These were used as initial conditions for the
numerical calculation of the final steady state of the system
(for continuous parameter variations in time, see e.g. [22]).
We note that our approximation is valid as long as the typi-
cal time for reaching a steady-state is less than the time in-
terval between two successive snapshots (1 day). Indeed, a
steady-state in our simulations was typically achieved within
∼ 3tcr = 3 × 105 s
(
R/1015cm
)
< 2 × 106 s (δ/20) (δT/1 d). We
finally note that for the adopted parameter values the emission
region is optically thin to photopion production (see also §6)
with implications on the blazar energetics, which have been dis-
cussed in [25, 49].
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4.1. Photon emission
The observed SEDs of Mrk 421 for the first (MJD 55265)
and last (MJD 55277) days of the MW campaign are shown in
Fig. 3. To facilitate a comparison, the time-averaged SED over
the period MJD 54850-54983 [47], a good representation of the
blazar quiescent emission, has been included in the plot (grey
points). The model-derived photon spectra for the two days of
the 2010 flare and of the 2009 quiescent period are plotted with
thick black and grey lines, respectively. The spectra produced
by different emission processes are overplotted with different
types of lines (for details, see figure caption). The model SEDs
for the rest of the days are summarized in Fig. A.10 of Ap-
pendix A. We note that the VHE (>200 GeV) observations
have been already corrected for absorption on the EBL in both
[50] and [47]. In other words, the VHE γ-ray spectra shown
in Figs. 3 and A.10 are de-absorbed, and the model-derived
photon spectra take into account only the intrinsic γγ absorp-
tion. This also explains the presence of the pi0 γ-ray bump at
∼ 5−10 PeV, which otherwise would be attenuated by the EBL.
Figures 3 and A.10 show that the leptohadronic model provides
an overall good description of the data for the 13 consecutive
days of the flare.
The Fermi-LAT observations at ∼ 400 MeV are the more
constraining for our model, since for the adopted parameter
values the latter predicts a luminous Bethe-Heitler component
from hard X-rays to soft γ-rays (magenta long-dashed lines)
[65]. The Bethe-Heitler component, which is explained as syn-
chrotron radiation of secondary electron-positron pairs produced
via the Bethe-Heitler process, is a distinct feature to be con-
strained with current, e.g. IBIS/INTEGRAL [66] and future,
e.g. PANGU [67], γ-ray satellites operating in the 1-100 MeV
energy range. In addition, the Bethe-Heitler emission is ex-
pected to be highly polarized and, as such, its modeling consti-
tutes a prediction that may be tested by future γ-ray polarime-
ters, such as ASTROGAM2 and AdEPT [68]. A comparison of
the various emission components between the first and last days
of the 13-day flare gives insight into the interplay of the differ-
ent emission processes. Figure 3 shows that, in both cases, the
primary leptonic SSC component (blue dotted-line) peaking at
∼ 20 GeV is sub-dominant compared to the emission from sec-
ondary pairs. In fact, the observed γ-ray emission in the range
2 GeV-2 TeV can be totally explained in the current model as
synchrotron radiation from secondary pairs. These are the by-
product of pi±, µ± decays (gold dashed-dotted lines) and γγ ab-
sorption (orange short-dashed lines). It is noteworthy that the
leptohadronic model shown here may degenerate into a leptonic
one, with the SSC component dominating in γ-rays, simply by
decreasing the injection luminosity in high-energy protons. As
we discuss later in §6, IceCube will soon be in a position to
constrain the contribution of hadronic-related processes to the
γ-ray emission of Mrk 421.
The attenuation of VHE γ-rays produced via pi0 decays with
energies∼ 10 PeV leads to injection of high-energy pairs, whose
synchrotron emission, for the adopted parameter values, peaks
2http://astrogam.iaps.inaf.it/scientific_instrument.html
at ∼ 0.1 − 1 TeV; this appears as a high-energy bump in the
spectra shown with orange short-dashed lines (see Fig. 3). A
fraction of the (sub)TeV radiation is, in turn, attenuated lead-
ing to the production of the lower-energy bump of the spectrum
that is plotted with orange short-dashed lines in Fig. 3. We
note that the full width at half maximum (FWHM) of the two
bumps is also related to the FWHM of the respective parent
γ-ray spectra. The (unattenuated) flux produced via photome-
son processes (gold dashed-dotted lines) is highest at the start
of the 13-day flare (left panel in Fig. 3) and decreases towards
the end of the flare (right panel in Fig. 3). Since a fraction of
the γ-ray flux is internally attenuated, the gradual γ-ray flux
decrease over the 13-day period will be also reflected in the
synchrotron emission of pairs produced by γγ absorption. In-
deed, the peak flux of the lower energy bump in the synchrotron
spectrum of γγ pairs (orange short-dashed lines) has decreased
since the start of the 13-day flare (see both panels in Fig. 3).
Finally, the proton synchrotron spectrum (light blue dashed
double-dotted lines) is the least variable component, in terms
of flux, during the 13-day flare. The peak energy of the spec-
trum has, however, decreased by approximately a factor of 7
between the start and end of the 13-day flare. The proton syn-
chrotron spectrum peaks in hard X-rays, i.e. 5−35 keV, and may
have a non-negligible contribution to the observed hard X-ray
flux in other, even more extreme, flares (see also MJD 55271
in Fig. A.10). A great example is the major MW flare of April
2013 [69–72], where the fractional variability in hard X-rays (3-
79 keV) as measured by NuSTAR was found to be 0.790±0.001
[73], in contrast to 0.42±0.12 that was measured with BAT (15-
50 keV) during the 13-day flare [50]. Regardless, the detailed
modeling of such an extreme flare across the MW spectrum as
well as its implications for the current model will be the subject
of a subsequent paper.
The parameter values used in modeling the 13 daily SEDs
are summarized in Table A.6. Inspection of the table shows
that no major variations of the model parameters were required
for explaining the SEDs. In all cases, the parameters change
by a factor of ∼ 2.5 at maximum with respect to their time-
averaged values. We find that an anti-correlation between γp,max
and `p is required to explain the data. This is an outcome of the
adopted flat proton spectrum p < 2; a simultaneous increase
of both γp,max and `p, would lead to larger variations of the γ-
ray flux than what is actually observed. For the adopted pa-
rameters, the electron distribution is modified by synchrotron
cooling and the peak synchrotron flux is therefore produced by
electrons with Lorentz factors equal to the cooling Lorentz fac-
tor. This is defined as the Lorentz factor where the synchrotron
cooling time scale 6pimec/σTB2γe equals the dynamical one tcr.
Thus, changes of γe,max alone do not have a direct effect on the
peak synchrotron flux, which, in turn, explains the absence of
correlation between γe,max and `e.
4.2. Neutrino emission
The daily all-flavor neutrino (ν + ν¯) spectra are presented
in Fig. 4, where thick lines are used for displaying the neu-
trino emission at the beginning and the end of the 13-day flare.
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Figure 3: Simultaneous multi-wavelength SED of Mrk 421 on MJD 55265 (top panel) and MJD 55277 (bottom panel). Different
symbols denote the various instruments used to collect the data, and their meaning is given in the legends. All data-points are
from [50]. The grey circles depict the time-averaged SED of Mrk 421 over the period MJD 54850-54983 [47]. This is a good
representation of the blazar non-flaring (quiescent) emission. The model-derived spectra that fit the daily SEDs are plotted with
black thick lines. The grey thick lines are a fit to the quiescent emission. Different types of lines are used to present the spectra from
different emission processes: proton synchrotron radiation (light blue dashed double-dotted line), (primary) electron synchrotron
and SSC emission (blue dotted line), synchrotron radiation from Bethe-Heitler pairs (magenta long-dashed line), synchrotron
radiation of pairs from pi±, µ± decays and γ-rays from pi0 decays (gold dashed-dotted line), synchrotron radiation of pairs from γγ
absorption (orange short-dashed line). 6
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Figure 4: All-flavor neutrino (ν+ ν¯) fluxes derived by the model
for the period MJD 55265-55277.
-10
-9.6
-9.2
-8.8
-8.4
 264  266  268  270  272  274  276  278
-10.8
-10.4
-10
-9.6
-9.2
lo
g
 F
p
h
 (
er
g
/s
ec
/c
m
2
)
lo
g
 F
ν 
(e
rg
/s
ec
/c
m
2
)
Time (MJD-55000)
>200 GeV
0.1-300 GeV
15-50 keV
2-10 keV
1-50 PeV
0.1-1 PeV
Figure 5: Model-derived light curves of Mrk 421 covering the
period MJD 55265-55277. Symbols denote the daily fluxes
photons (Fph) and neutrinos (Fν), while continuous lines are
the result of interpolation. Photon light curves (black lines)
are calculated at four energy bands (see inset legend). The all-
flavor neutrino (ν + ν¯) light curves at 1-50 PeV and 0.1-1 PeV
energy bands are also plotted with red solid and dashed lines,
respectively. In all cases, the smooth curves are the result of
interpolation.
Table 1: Pearson’s correlation coefficient r for the 1-50 PeV
(0.1-1 PeV) neutrino flux (Fν) vs. the photon flux (Fph) in dif-
ferent energy bands. The null hypothesis is that the true corre-
lation between the fluxes is non-zero.
Energy band r(11)a Remark
Fν (1-50 PeV)
Fph > 200 GeV 0.97 Sb
0.1 − 300 GeV 0.94 S
15 − 50 keV 0.89 S
2 − 10 keV 0.93 S
Fν (0.1-1 PeV)
Fph > 200 GeV -0.50 NS
0.1 − 300 GeV -0.00 NS
15 − 50 keV -0.43 NS
2 − 10 keV -0.26 NS
a The degrees of freedom (dof=N-2) for the Pearson’s
correlation significance test is given in the parenthesis.
b For N=13, an observed value of r larger than ±0.55
is statistically significant (S) at a 5% level for a
non-directional hypothesis; otherwise, the correlation
is non-significant (NS).
The low-energy (<1 PeV) part of the spectrum remains approx-
imately constant in flux and spectral shape and is in good ap-
proximation independent of the γ-ray spectral variations, whereas
the high-energy (> 1 PeV) neutrino spectrum is variable. Its re-
lation to the photon flux is investigated below. Figure 5 shows
the time evolution of the photon (black symbols/lines) and neu-
trino (red symbols/lines) fluxes in different energy bands as de-
rived by modeling the daily SEDs of Mrk 421. In particular,
the daily fluxes are shown as symbols, while continuous lines
are the result of interpolation. As a posterior check of our SED
modeling, we verified that the relation between the VHE γ-ray
and X-ray (2-10 keV) fluxes is linear, in agreement with the re-
sults reported in [50]. The figure reveals signs of a correlation
between the high-energy neutrino flux and the photon fluxes in
all energy bands. To quantify these findings, we performed a
Pearson’s correlation test (see Table 1). The results show that
the correlation between the 1-50 PeV neutrino flux and pho-
ton fluxes, in all energy bands, is statistically significant for a
non-directional hypothesis at a 5% level. The strongest cor-
relation is found for the 1-50 PeV neutrino flux and the VHE
(> 200 GeV) photon flux, with a Pearson’s correlation coeffi-
cient r = 0.97. Furthermore, the high-energy neutrino flux (in
logarithmic units) can be adequately described by a linear func-
tion of the logarithmic photon flux. For the 0.1-300 GeV flux,
in particular, we find
log Fν = A log Fγ + B, (2)
where Fγ is defined as the γ-ray flux in the 0.1-300 GeV energy
band, A = 1.59 ± 0.17 and B = 5.25 ± 1.64. The relation
between Fν and Fγ is of particular interest for the estimation of
the cumulative neutrino event number within the five years of
full IceCube livetime (see §5).
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Table 2: Expected IceCube neutrino event rate for the νµ + ν¯µ daily SEDs shown in Fig. 4 compared to the background event count
rate. For the point spread function, a 90% angular resolution of 1° was assumed. All neutrino event rates are in units of yr−1
assuming a good IceCube runtime of ∼ 333 days per year, same as for the most recent point source data [53].
Mrk 421a Backgroundb
Eν (TeV) 13-day flare quiescent atmospheric diffuse
(55265-55277) (54850-54983)
0.1 − 100 0.023 0.019 7.371 0.010
100 − 103 0.264 0.282 1.852 × 10−3 2.203 × 10−3
103 − 5 × 104 0.306 0.288 4.554 × 10−6 2.236 × 10−4
a 90% of the signal flux is expected to be within ∆Ψ < 1◦.
b Integrated over the bin-size ∆Ψ < 1◦.
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Figure 6: Differential (in energy) νµ + ν¯µ event counts for
333 days of livetime calculated using eq. (1). Three different
components are shown: the atmospheric neutrinos produced in
decays of charged pi±/K± (dotted line), the astrophysical com-
ponent observed by IceCube (dashed line) [43, 52], and the
model-derived νµ + ν¯µ neutrino flux of Mrk 421 for the quies-
cent period MJD 54850-54983 (solid black line). The grey line
shows the current IceCube upper limit calculated using an un-
broken E−2 power-law spectrum [53]. The observation window
size corresponds to ∆Ω = 1◦. Data are adopted from [53].
Using the model-derived daily neutrino fluxes3 shown in
Fig. 4 and after taking into account the background neutrino
fluxes, as described above, we calculate the expected event rates
N˙ν using eq. (1) at different neutrino energy bins: 0.1-100 TeV,
0.1-1 PeV and 1-50 PeV. The results for the 13-day flare are
summarized in Table 2. For comparison reasons, we also in-
cluded the expected differential event rate N˙qν for the quiescent
period MJD 54850-54983. The hard neutrino spectra predicted
by the model for Mrk 421 suggest that most of the signal neu-
trinos should be observed at high energies, e.g. ∼ 0.57 evt/yr
(events per year) above 100 TeV. At these energies, the neutrino
background (atmospheric plus astrophysical) is negligible due
to the soft energy spectrum and small observation window, thus
making a potential neutrino signal from Mrk 421 a significant
component.
One should note, though, that at energies above 1 PeV Earth
absorption starts to affect the incident neutrino flux. This is il-
lustrated in Fig. 6 (see also Fig. 2), where the differential (in
energy) νµ + ν¯µ event counts for 333 days of livetime calculated
using eq. (1) for the quiescent state of Mrk 421, are compared
against those from various backgrounds. The 90% upper limit
for Mrk 421 as obtained by IceCube [53] is also plotted (grey
histogram) for comparison reasons. This is calculated assuming
an unbroken E−2 power-law neutrino spectrum. Being much
steeper than our model-predicted spectra, it yields less events
above ∼ 300 TeV but predicts significantly more neutrinos in
the TeV - 300 TeV region, where IceCube shows the best per-
formance regarding point source searches (Fig. 3 in [53]).
A comparison between the 13-day flare and the quiescent
period reveals a net gain in the expected neutrino event rate
of the flare, at least for Eν > 1 PeV. This is, however, com-
pensated by a relative loss at energies 0.1 − 1 PeV, thus lead-
ing to an approximately constant neutrino event rate at energies
Eν >100 TeV. Although the γ-ray activity of the source during
the 13-day flare is high, e.g. the VHE γ-ray flux varies by a fac-
tor of ∼ 4 (see Fig. 5) with a peak flux reaching ∼ 2 Crab units
[50], the neutrino event rate of the flare in the background-
suppressed regime is similar to the event rate of the longer and
3The neutrino flux produced at the source contains neutrinos of different
flavors with an approximate ratio Fνe : Fνµ : Fντ = 2 : 1 : 0. However, by the
time they reach Earth their ratio will have changed to Fνe : Fνµ : Fντ = 1 : 1 : 1
due to neutrino oscillations [74].
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Figure 7: Muon neutrino flux Fν from Mrk 421 (in units of the
quiescent neutrino flux Fqν ) as a function of the time needed for
IceCube to observe neutrinos with energy Eν > 100 TeV at 90%
(95%) confidence level. Time is measured in years with respect
to the start date of IC79 (∼MJD 55348).
non-flaring period. We finally note that the biggest relative gain
is observed at lower energies (Eν < 100 TeV) where the high
atmospheric background reduces, however, the sensitivity.
In the high-energy regime (Eν >100 TeV) a mean rate N˙ν ∼
0.57 evt/yr is expected over a negligible background rate of
0.04 evt/yr. Neglecting the small background, events originat-
ing from Mrk 421 will be detected at 90% confidence, as soon
as the expected total number of events Nν = N˙ν×T > 2.3, where
N˙ν is the neutrino event rate and T is the observation time. Fig-
ure 7 shows the flux scaling needed for the models shown in
Fig. 4 in order to observe at least one event from Mrk 421 at
90% (solid line) and 95% (dashed line) confidence level (CL).
Given the IceCube event rate derived from the quiescent flux
Fqν , we find that IceCube should observe events above 100 TeV
originating from Mrk 421 within 5 (6) years since the start of
the 79-string IceCube (IC79) detector operation at 90% (95%)
CL.
5. The long-term γ-ray activity
During the 13-day flaring period of 2010 the neutrino flux
above 1 PeV was found to correlate with the photon flux in all
energy bands under consideration. Assuming that the corre-
lation is present in longer time periods as well, we may apply
the derived linear relation between the logarithmic neutrino and
photon fluxes to the long-term light curve at a specific energy
band, in order to calculate the expected number of muon neu-
trino events at Eν ≥ 1 PeV within the five years of full IceCube
detector livetime.4
Although the strongest correlation was derived for the VHE
γ-ray and high-energy neutrino fluxes, here we choose to per-
form our analysis on the long-term Fermi-LAT (0.1-300 GeV)
4 Here, the full IceCube livetime is defined with respect to the start of op-
eration with 79 strings in May/June 2010 (IC79), i.e. before the completion of
the detector one year later with 86 strings.
light curve of Mrk 421. The reason for doing so is that the
Fermi-LAT light curve (MJD 54686.15-57192.15) covers the
period of the complete IceCube operation, whereas the avail-
able long-term light curves in VHE γ-rays extend at most up to
2009 (for details, see [41]).
Figure 8 (top panel) shows the long-term (2506 d), weekly
binned γ-ray light curve as observed with Fermi-LAT. The qui-
escent period of 2009 and the 13-day flare of 2010 are high-
lighted with grey and red symbols, respectively. Starting with
a major γ-ray flare detected by Fermi-LAT in summer of 2012
[75], Mrk 421 entered a prolonged, still on-going, high-state
period. During this period, at least four flares with γ-ray fluxes
up to 3-10 times higher than that of the 2010 flare can be iden-
tified (light blue symbols). Henceforth, these will be referred to
as ‘major’ flares. Inspection of the Fermi-LAT light curve alone
would question the definition of the period MJD 55265-55277
as a flare. Although no significant variability was detected in
the Fermi-LAT energy band (see also Fig. 5), the X-ray and
VHE γ-ray variability was remarkable [50] (see also Figs. 3
and A.10).
Each of the major flares was fitted with a Lorentzian func-
tion and its characteristic duration was defined as twice that cor-
responding to its FWHM. The derived times of the peak fluxes
and the respective flare durations are listed below:
• Flare 1a: MJD 56122.9 ± 26.9
• Flare 1b: MJD 56155.7 ± 43.9
• Flare 2: MJD 56393.09 ± 34.04
• Flare 3: MJD 56767.2 ± 47.6
• Flare 4a: MJD 56942.3 ± 62.3
• Flare 4b: MJD 56992.5 ± 79.9
We note that flares 1a and 1b partially overlap and can be con-
sidered as one major double-peaked flare (see also [76]). The
same applies to the latest flare. Its long duration as determined
by a single Lorentzian fit to the data, suggests that this consists
of, at least, two overlapping flares, here noted as Flares 4a and
4b.
The expected number of muon neutrino events can be then
calculated as follows. The average γ-ray flux of the quiescent
period MJD 54850-54983 is defined as
Fqγ ≡ 1Tq
∫
Tq
dtFγ(t), (3)
where Tq = 133 d and F
q
γ = 4.199+0.175−0.165×10−10 erg cm−2 s−1 (for
the error calculation, see Appendix B). The model-predicted
νµ + ν¯µ event rate above 1 PeV for the quiescent period of
Mrk 421 is N˙ν
q
= 0.288 evt/yr (see also Table 2). If N˙ν is the
neutrino event rate for the period T , then N˙ν = N˙
q
νFν/F
q
ν , where
Fqν , Fν are the average neutrino fluxes for the periods Tq and T ,
respectively, and are defined similarly to eq. (3). According to
the linear correlation derived in the previous section, the γ-ray
and neutrino fluxes are related as log Fν = A log Fγ + B. Thus,
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Figure 8: Top panel: Long-term, weekly binned γ-ray light curve of Mrk 421 at 0.1-300 GeV as observed with Fermi-LAT. The
quiescent period and the 13-day flare are highlighted with grey and red symbols, respectively. At least four major flares (for the
definition, see text) can be identified (light blue symbols). Bottom panel: The cumulative number of muon neutrino events above
1 PeV expected for IceCube within time t. The calculation is performed using the νµ + ν¯µ flux estimated by the γ-ray light curve
(top panel). The νµ + ν¯µ flux is assumed to correlate with the γ-ray flux according to eq. (2). The cumulative curves obtained with
and without the major flares included in the analysis are plotted with thick light blue (‘w flares’) and black (‘w/o flares’) lines,
respectively. The results of the ‘quiescent analysis’, where a constant γ-ray flux, equal to that of the quiescent period (grey points
in top panel) is assumed, are also plotted for comparison (dotted line). The latter is also the cumulative curve for neutrinos with
energies 100 TeV - 1 PeV. In all cases, the 90% uncertainties on the mean expected count are shown as shaded bands. These take
into account the systematic uncertainties of the IceCube effective area, the statistical uncertainties of the γ-ray observations, and the
error of the slope in the relation log Fν − log Fγ. Horizontal lines indicate the threshold for the observation of one or more neutrinos
at 90% or 95% CL. The latest published results of IceCube [53] included data until MJD 56063, which is marked by the vertical
red-dotted line.
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using the long-term Fermi-LAT light curve, we may estimate
the number of events expected in time period T as
Nν ≡ N˙νT = N˙
q
ν
Fqν
∫
T
dt Fν (t) = N˙
q
ν
∫
T
dt
(
Fγ (t)
Fqγ
)A
. (4)
As the γ-ray light curve of Mrk 421 is weekly binned, the in-
tegral of eq. (4) can be approximated by a sum with bin-width
∆t = 7 d:
Nν =
N˙qν
Fqν
∫
T
dt Fν (t) =
N˙qν∆t(
Fqγ
)A ∑
i
(
Fγ,i
)A
. (5)
The logarithmic event count nν = log Nν then yields
nν = log
(
∆t N˙qν
)
+ log
∑
i
(
Fγ,i
)A − A log Fqγ, (6)
and the respective error is given by
σ2nν = f
2
N˙qν
+ f 2Fγ,i + f
2
Fqγ
+ f 2A, (7)
where the various contributions to the total uncertainty are
fN˙qν =
σN˙qν
ln 10 N˙qν
(8)
fFγ,i =
√∑
i
(
σFγ,iAF
A−1
γ,i
)2
ln 10
∑
i FAγ,i
(9)
fFqγ =
AσFqγ
ln 10 Fqγ
(10)
fA =
σA
∑
i FAγ,i ln
Fγ,i
Fqγ
ln 10
∑
i FAγ,i
. (11)
In the above, σN˙qν is the uncertainty of the muon neutrino event
rate in quiescence, which is dominated by systematic effects of
the IceCube detector, and is accounted for with 10% relative
uncertainty [53]. Furthermore, σFγ,i is the statistical error of
the γ-ray flux measurements and σFqγ is the uncertainty of the
γ-ray flux in quiescence (for the derivation, see Appendix B).
Finally, σA is the 1σ error of A as obtained from fitting the
modeled neutrino and 0.1-300 GeV γ-ray fluxes (see eq. (2)).
Using eqs. (5) , (6) and (7), we calculated Nν in three dif-
ferent cases described below. First, we performed the analysis
using the full Fermi-LAT light curve (‘w flares’ analysis). Then,
to exemplify the net effect of the major flares on the expected
number of muon neutrino events, we performed the analysis af-
ter excluding the major flares (‘w/o flares’ analysis). However,
in order to include the respective exposure time in this anal-
ysis, we interpolated the γ-ray light curve using mean fluxes
in the time just before and after the end of each major γ-ray
flare (see black dashed lines in top panel of Fig. 8). Finally, we
considered the extreme case of a non-variable γ-ray light curve
with flux equal to that of the 2009 quiescent period (‘quiescent’
analysis).
The cumulative event count Nν expected for IceCube from
Mrk 421 is presented in the bottom panel of Fig. 8, where the
results of the different analyses are plotted with different types
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Figure 9: Stacked contributions of the various sources of uncer-
tainty f 2i defined in eqs. (8)-(11) that add up to the total uncer-
tainty given by eq. (7). In addition, the uncertainty on the slope
A of the log Fν − log Fγ relation is shown for the two scenarios,
i.e. with and without major flares in blue and red, respectively.
For all other sources of uncertainty, the differences between the
two scenarios are negligible.
of lines (for details, see figure caption). The total uncertainty
given by eq. (7) is shown, in each case, as a shaded band around
the mean event count. The various sources of uncertainty that
contribute to the total one are presented in Fig. 9. The ma-
jor contributions to σ2nν originate from the systematic uncer-
tainty of Aeff (yellow pale color) and from the uncertainty on the
log Fν − log Fγ relation. Although the latter is sub-dominant in
the analysis ‘w/o flares’ (red color) compared to the systematic
uncertainty, it becomes comparable to it when the major flares
are included (blue color). The statistical uncertainty of the γ-ray
flux measurements is similar in both analyses, while it becomes
negligible as the total observing time in γ-rays increases.
From Fig. 8 (bottom panel), it becomes evident that the in-
clusion of major γ-ray flares greatly increases the event num-
ber, as long as the derived correlation of the γ-ray flux with the
> 1 PeV neutrino flux still holds. To better quantify these re-
sults, we present in Tables 3 and 4 the expected νµ + ν¯µ event
numbers for each one of the IceCube operation seasons and
major flares, respectively5. We find that the event rate dur-
ing Flares 1a and 1b exceeds the event rate for the same year
(06/2012-05/2013) by a factor 3.0 ± 0.9. Although the proba-
bility to observe at least one muon neutrino event during Flares
1a and 1b is 46% (see Table 4), a restricted neutrino search
over the period of the 2012 major flare would not guarantee a
neutrino detection. In contrast, 1.46 ± 0.32 νµ + ν¯µ events are
expected within the period covered by all four major flares (385
days in total). In this regard, stacked analyses of major flares
from Mrk 421 would be more beneficial for neutrino searches.
These results, albeit model-dependent, demonstrate that ma-
5The respective numbers of νµ + ν¯µ events with 100 TeV< Eν < 1 PeV can
be easily obtained from the values listed in Table 2 and the duration of each
operation season.
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Table 3: Number of high-energy νµ + ν¯µ events (Eν > 1 PeV)
expected for IceCube in various seasons of operation (each with
duration T in days). The results are obtained using the Fermi-
LAT γ-ray light curve in Fig. 8 (top panel) and the connection
to the high-energy neutrino flux through eq. (4). The values
for each season are obtained after replacing the major γ-ray
flares (Table 4) with a non-variable emission, whose flux was
determined through interpolation of the γ-ray light curve just
before the start and after the end of each major flare (for de-
tails, see text). The total number of events without (with) the
major flares included are also presented. For each entry, the
probability PNν≥1 of observing one or more neutrinos is quoted.
Season T (days) νµ + ν¯µ PNν≥1(%)†
06/2010-05/2011 364 0.43 ± 0.06 34 ± 4
06/2011-05/2012 364 0.38 ± 0.05 32 ± 3
06/2012-05/2013 371 0.71 ± 0.11 51 ± 5
06/2013-05/2014 364 0.70 ± 0.11 50 ± 5
06/2014-05/2015 350 0.47 ± 0.06 38 ± 4∑
w/o Flares 1834a 2.73 ± 0.38 94 ± 2∑
w Flares 1834 3.59 ± 0.60 97 ± 2
† Using Poisson statistics, P (Nν ≥ 1) = 1 − e−λ for a Pois-
son distribution with mean λ.
a On top of the quoted years, three weeks of additional
Fermi-LAT data are available after 05/2015.
jor (in duration and flux) flares from blazars like Mrk 421 could
serve as favorable periods for time-dependent neutrino searches.
Interestingly, time-dependent searches of IceCube [77] exist
until MJD 56063 (red dotted line in Fig. 8), that is just before
the major flare of Mrk 421 in 2012.
Excluding the flares as explained previously, the expected
number of νµ + ν¯µ events up to the date where the most recent
IceCube data are available (05/2015), is found to be 2.73±0.38
(see Table 3). This exceeds the 90% threshold value for de-
tection within the uncertainties. The respective number in the
analysis with the major flares included increases to 3.59± 0.60,
which excludes a non-detection of neutrinos by more than 95%.
By utilizing the neutrino-photon flux correlation, we found a
significant increase in the expected neutrino rate compared to
that obtained from the quiescent state alone. In particular, the
prediction of the quiescent state would yield ∼ 1.6 events in
the IceCube livetime, thus underestimating the neutrino event
rate after June 2012. Since then, Mrk 421 entered a high γ-ray
flux period that is still on-going (see top panel in Fig. 8). We
remark that the estimate of 1.6 events applies also to neutrinos
with energies in the range 100 TeV-1 PeV, since we found no
correlation between the photon and sub-PeV neutrino fluxes in
our modeling of the 13 day flare (see Table 1). In this regard,
the estimate derived from the quiescent state is the most robust.
6. Discussion
By modeling the daily SEDs of Mrk 421 we were able to de-
rive the daily νµ + ν¯µ neutrino fluxes and compare them against
those obtained for the longer, albeit quiescent, period of 2009.
Table 4: Same as Table 3 but for the four flares that were iden-
tified in this analysis.
No. T (days) νµ + ν¯µ PNν≥1(%)
Flares 1a+1b 105 0.61 ± 0.16 46 ± 8
Flare 2 70 0.32 ± 0.07 27 ± 5
Flare 3 98 0.26 ± 0.05 23 ± 4
Flares 4a+4b 112 0.26 ± 0.05 23 ± 4∑
Flares 385 1.46 ± 0.32 77 ± 7
Although one could naively argue that the neutrino event rate
would be higher during the 13-day flare, we showed explic-
itly that the mean event rate above 100 TeV is ∼ 0.57 evt/yr
(∼0.26 evt/yr for 100 TeV< Eν <1 PeV and ∼0.31 evt/yr for
Eν > 1 PeV). This is comparable to that expected for a four-
month period of lower γ-ray and X-ray fluxes. Due to the short
duration of the flare, the expected number of muon neutrino
events is ∼ 0.02, i.e. insufficient to explain a fiducial neutrino
detection from the direction of Mrk 421 in the time-window of
a flare with similar characteristics as the one studied here. In-
terestingly, [37] reached similar conclusions within a different
leptohadronic model for explaining the orphan VHE γ-ray flare
of blazar 1ES 1959+650.
Inspection of the Fermi-LAT light curve (top panel in Fig. 8)
clearly shows a transition of the source to a period of increased
γ-ray flux (i.e., high state) that was initiated in 2012 by a major
flare, and is still on-going. Within this period we identified four
major flares, in total, with peak fluxes ∼ 3 − 10 times higher
than the one modeled here. Whether the correlation between
the neutrino and γ-ray fluxes we derived in §4.2 still holds dur-
ing these extreme flares cannot be safely answered without de-
tailed modeling of the respective SEDs. As the SED is com-
posed of many emission components (see Fig. 3), which are
moreover dependent on each other, it is not trivial to predict
the neutrino-γ-ray flux correlation during flares without having
knowledge of the variability at lower energy bands; this was
the motivation of this study in the first place. Consider for ex-
ample a scenario where the major γ-ray flare is not accompa-
nied by a respective increase of the X-ray flux. An increase
of the proton injection luminosity, which would also lead to a
higher neutrino flux, could not explain this fiducial flare, since
the Bethe-Heitler component would also be enhanced, there-
fore violating the fiducial observations. More than one model
parameter should be changed and, depending on their combi-
nation, the derived neutrino flux would also differ. Because of
the wide range of possibilities, in the present study we simply
assume that the relation given by eq. (2) is valid over the 6.9 yr
period of Fermi-LAT observations, while the major flare MW
modeling and its implications for the neutrino flux will be the
subject of a subsequent paper.
Nevertheless, in order to assess the net effect of the major
flares on the predicted νµ + ν¯µ event number we performed an
additional analysis (‘w/o flares’), where these were not taken
into account. More precisely, in order to include the respec-
tive exposure times in our analysis, we replaced the high γ-ray
fluxes of the major flares with values obtained from the inter-
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polation of the γ-ray light curve just before the start and after
the end of each major flare (see dashed lines in the top panel of
Fig. 8). We showed that 1.46± 0.32 νµ + ν¯µ events are expected
within a period of 385 days due to the major flares alone. Thus,
their presence increases the neutrino event rate within the Ice-
Cube livetime by 30% (see Tables 3 and 4). Furthermore, the
neutrino rate without (with) the major flares, as estimated by
the long-term γ-ray light curve, is 73% (127%) higher than that
expected by simply extrapolating the neutrino flux in the qui-
escent state (see Table 1). In brief, the predictions for the cu-
mulative event count above 1 PeV are significantly affected by
the major flares under the assumption of a neutrino-γ-ray flux
relation given by eq. (2). The values derived from the ‘quies-
cent’ analysis (1.60±0.16 events in 1834 days) apply, however,
directly to the 100 TeV-1 PeV neutrino event counts, since we
found no significant correlation between the sub-PeV and pho-
ton fluxes (in any energy band). Meanwhile, they constitute a
robust lower bound for the predicted cumulative events above
1 PeV.
Based on four years of data searches using through-going
muons, IceCube reported an overfluctuation of events at the po-
sition of Mrk 421 [53]. The best-fit to the data yielded ns = 3.8
signal events over the full energy range for an unbroken power-
law spectrum dNν/dEν ∝ E−γν with γ ∼ 1.9, while 22.4 back-
ground events were expected in a circle 1° around the search
coordinates. This result deviates from the atmospheric back-
ground expectation of a soft spectrum with γ ∼ 3.7, but is
still consistent with a pure background expectation (p ≈ 26%,
where p is the pre-trial probability). The 90% upper limit on the
flux normalization of an unbroken E−2 flux was set to Φ90%νµ+ν¯µ =
2.1× 10−12 TeV−1 cm−2 s−1. As Fig. 6 demonstrates, such a soft
spectrum yields events mostly at the TeV energy range, whereas
the model adopted in this study predicts a spectrum peaking at
the PeV energy range. Two out of the four years used in [53, 77]
are in full detector configuration, thus coinciding with our cal-
culations for the long-term light curve of Mrk 421 (see §5).
Within the overlapping period of 728 days, 0.81 ± 0.08 νµ + ν¯µ
events are expected above PeV energies and 0.62± 0.06 for en-
ergies between 100 TeV and 1 PeV (see Table 3). These results
do not contradict the observation of IceCube that the overfluc-
tuation is consistent with pure background. A fit to more recent
IceCube data that include two additional years [78] increased
the number of signal events to ns = 5.5. Yet, this is still consis-
tent with the background expectation.
Within the period of five years, and according to our estima-
tions, IceCube is expected to detect high-energy (Eν > 1 PeV)
neutrinos from Mrk 421 at 90% confidence level. Hence, with
additional data, IceCube’s sensitivity will surpass our model
predictions, thus testing scenarios of cosmic-ray acceleration
at the PeV energy regime. Even a non-detection of neutri-
nos would be of great importance, though; this can place con-
straints on the contribution of the hadronic component to the
high-energy emission from Mrk 421, as we illustrate below.
Given a non-detection in X years, the most robust constraint on
the hadronic contribution of Mrk 421 can be derived from the
quiescent scenario (see e.g. Fig. 7). The rest of our predictions
Table 5: Upper limits on the proton luminosity in the blob as
derived from a non-detection (at 90% and 95% CL) of muon
neutrinos (> 100 TeV) from Mrk 421 in X years.
X (yr) ζX Lp,X (erg/s)
90% 95% 90% 95 %
6 0.71 0.9 6.2 × 1047 7.8 × 1047
8 0.53 0.68 4.6 × 1047 5.9 × 1047
10 0.43 0.54 3.7 × 1047 4.7 × 1047
20 0.21 0.27 1.8 × 1047 2.3 × 1047
(see Tables 3 and 4) are based on the assumption of a correla-
tion Fν ∝ FAγ , whose long-term validity may be questionable.
In order to be able to constrain the hadronic component in flar-
ing periods, one should first test the validity of the correlation
in different epochs of flaring activity through SED modeling.
A smaller number of neutrinos implied by a non-detection in
X years could be obtained either by an absent correlation or a
lower proton luminosity in the blob. Hence, in the following,
we focus on the quiescent scenario where the constant νµ + ν¯µ
flux is related to the proton luminosity as Fν = (1/4) f Lp/4pid2L,
where we assumed that 50% of the interactions lead to pi0 pro-
duction and Lp is the proton luminosity in the blob as measured
in the observer’s frame. Moreover, f is the pion production
efficiency which may be written as (see e.g. [65])
f ≈ 2.2 × 10−3 Ls,45R−115 ν−1s,16δ−31 , (12)
where Ls is the apparent bolometric luminosity of the low-energy
hump of the SED and νs is the respective peak frequency. Here,
the notation qX ≡ q/10X has been introduced. For parameters
relevant to the quiescent period f ≈ 10−5, in agreement with
previous studies on BL Lac neutrino emission (e.g. [25, 33,
79]). A non-detection of muon neutrinos above 100 TeV in X
years translates into Fν,X = ζX F
(q)
ν , where F
(q)
ν ' 2.4 × 10−10
erg cm−2 s−1 and ζX ≤ 1 can be read from the sensitivity curves
shown in Fig. 7. Combination of the above leads to
Lp,X = 1740 ζX F
(q)
ν,µ4pid2LL
−1
s,45R15νs,16δ
3
1 erg s
−1. (13)
Our results are summarized in Table 5 for two CL values.
All the estimates we have presented so far are based on the
up-going muon sample, as this is the most relevant for point
source searches, especially, those located in the northern sky
(for details, see §3). The HESE sample, on the other hand,
consists of a small, yet high purity, statistical sample of astro-
physical all-flavors neutrinos due to the veto imposed on at-
mospheric events. Its high purity comes, though, at the cost
of a largely reduced effective area (see e.g. Fig. 1). Thus, a
meaningful comparison between the expected number of muon
neutrinos listed in Tables 1-3 and depicted in Fig. 8 with those
obtained from the five-year analysis of the HESE sample [80]
would require an appropriate scaling of the rates by a factor of
∼ 50, which is due to the difference in effective areas as shown
in Fig. 1. For the most optimistic scenario considered here (‘w
flares’), the expected number of νµ + ν¯µ events in 5 years with
the HESE analysis would read ∼ 3.59/50 ' 0.07 or ∼ 0.2 all-
flavor events. These values are still consistent with the results
reported in [80].
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It is also worth noting that our hypothesis of the PeV neutrino-
γ-ray correlation during major flares can be further tested with
specific, time-optimized analyses similar to those presented in
[77]. Nevertheless, multiple flares or long-lasting flaring peri-
ods are needed to accumulate enough exposure for a neutrino
detection. These can make use of the most recent IceCube data,
since enhanced neutrino event rates are expected, based on our
hypothesis, in the recent years of full IceCube detector oper-
ation. Furthermore, the long-term Fermi-LAT light curve of
Mrk 421 implies that the quiescent state of 2009 may not be the
most characteristic state of activity, since the blazar entered a
long-lasting period of increased γ-ray flux since the summer of
2012. Consequently, the observation of Mrk 421 in search of
high-energy neutrinos might be more efficient, when focused
on periods where higher neutrino emission is expected.
There are two additional mechanisms of neutrino produc-
tion implied by our model, which were not shown in detail be-
cause their contribution to the total spectrum is minimal. The
first is neutron decay. High-energy neutrons, a by-product of
photomeson interactions (e.g., p + γ → pi+ + n), are free to es-
cape the emission region, thus providing an effective means of
cosmic-ray escape [81–83], while producing at the same time
ν¯e. As shown in DPM14, those neutrinos are lower in both en-
ergy and flux than the ones resulting from meson decays, by
about two orders of magnitude. The second mechanism results
from the β-decay produced protons propagating in the interstel-
lar and intergalactic medium as cosmic rays, and interacting
with ambient radiation fields [56], i.e. the extragalactic back-
ground light (EBL). In the present discussion we neglect any
contribution to the cosmic-ray flux from direct proton escape
[e.g. 84]. The highest-energy escaping protons considered in
our model have energy Eescp,max ∼ 1.6 × 108 GeV Γ1.3, where
Γ ∼ δ. These protons are energetic enough to pion-produce
on photons with energy E0 & 0.9 eV Γ−11.3. The present (z = 0)
EBL energy density at ∼ 1 eV is u0 ' 4 × 10−15 erg cm−3
[e.g. 85–87]. The photopion energy loss rate for protons with
Eescp,max can be then estimated as t
−1
ppi,EBL ≈ κppiσppicn0E0, where
n0 = u0/E20, and κp = 0.2 and σppi ' 5 × 10−28cm2 are the
inelasticity and cross section, respectively, at the ∆(1232) res-
onance [88]. The pion production efficiency on the EBL pho-
tons can be then estimated as fEBL ≡ tcr/tppi,EBL ≈ 10−4, where
we conservatively used tcr = dL/c, assuming rectilinear pro-
ton propagation. The propagation of protons at these energies
may be diffusive [e.g. 89], thus increasing the residence time of
protons in the ISM, while isotropizing both the cosmic-ray and
accompanying neutrino fluxes. Regardless, the net effect would
be a decrease of the observed neutrino flux. The efficiency f of
pion production in the emission region of the blazar jet can be
calculated in a similar way. By approximating the low-energy
hump of the SED as a monochromatic photon field with char-
acteristic frequency νs and luminosity Ls, it can be shown that
f ' 22 Ls,46/R15νs,16δ3 Substitution of parameter values rele-
vant to the modeling of the 13-day flare, namely Ls,46 = 1,
νs,16 = 8, R15 = 3.2 and δ = 20, results in f ≈ 10−4. In-
terestingly, this is comparable to fEBL. Yet, the neutrino lumi-
nosity produced via photomeson interactions during the prop-
agation in the ISM, Lpropν , is expected to be much lower than
that produced internally in the blazar emission region, Lintν . The
respective ratio is given by Lpropν /Lintν ≈ fEBLLescp /Lintν , where
Lescp ≡ Ln. The neutron luminosity is, in turn, given by Ln '
(20/6)Lintν , where we assumed the production of pi
± in a sin-
gle photopion interaction, leading to n : ν = 1 : 6 and that
En ' 20Eν (see also, [90]). Combining all the above we find
Lpropν /Lintν ≈ (20/6) fEBL ≈ 3 × 10−4 << 1.
7. Summary
We presented calculations of the expected neutrino emis-
sion from flaring periods of the nearby blazar Mrk 421 in the
context of a one-zone leptohadronic model for its MW photon
emission. In this scenario, protons are accelerated and subse-
quently injected in the emission region of the blazar, where they
pion-produce on the internal synchrotron radiation emitted by
a co-accelerated relativistic electron population. High-energy
neutrinos, which are produced through the decay of charged
mesons, are the final product of photopion interactions, and
may escape the blazar unimpeded, thus providing the smoking
gun for hadron acceleration in blazars.
Using a time-dependent, energy-conserving leptohadronic
numerical code [48] we modeled the photon SEDs of the 13-day
flare of 2010, which was the target of an unprecedented MW
campaign [50]; the flaring episode was simultaneously (within
2 or 3 hours) observed from radio wavelengths up to the VHE
γ-ray regime. Based on the model-derived daily neutrino spec-
tra, we calculated the IceCube muon neutrino event rate of the
13-day flare, and showed that at energies > 100 TeV it is com-
parable to the one expected from a longer but non-flaring period
of Mrk 421, i.e. during quiescence. We concluded that an accu-
mulation of similar flares over several years would be necessary
to produce a meaningful signal for IceCube.
The detailed modeling of the 13-day flare revealed a strong
correlation of the expected high-energy neutrino flux with the
photon flux in various energy bands, ranging from soft X-rays
(∼ 2 − 10 keV) up to VHE (> 200 GeV) γ-rays. In particular,
the relation between the high-energy neutrino and 0.1-300 GeV
photon fluxes was found to be Fν ∝ FAγ where A ∼ 1.6. We ap-
plied the relation, assuming it is valid for longer time periods as
well, to the long-term Fermi-LAT γ-ray light curve of Mrk 421
that spans ∼ 6.9 years and coincides with the operation period
of the full IceCube detector. We then estimated the cumula-
tive number of νµ + ν¯µ events above 1 PeV for the full IceCube
detector livetime, and found 3.59 ± 0.60 (2.73 ± 0.38) events
with (without) major flares included in our analysis. This esti-
mate exceeds, within the uncertainties, the 95% (90%) thresh-
old value for the detection of at least one neutrino event. Mean-
while, the most conservative scenario, where no correlation of
γ-rays and neutrinos is assumed, predicted 1.60 ± 0.16 νµ + ν¯µ
events, still below the 90% IceCube sensitivity.
In conclusion, by utilizing model predictions about the cor-
relation of PeV-neutrinos and γ-rays, experiments like IceCube
can focus their neutrino searches on well-monitored sources,
such as Mrk 421, and stack periods where high neutrino activ-
ity is expected, such as in major γ-ray flares.
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Appendix A. Daily SEDs for the period MJD 55266-55276
and model parameter values
In the figures that follow we present the model fits to the
daily SEDs for the period MJD 55266-55276. For clarity rea-
sons, the various emission components have been omitted.
Table A.6 summarizes the parameter values of the six model
parameters that were assumed to vary. For completeness, the
parameters used in modeling the SED during the non-flaring
period MJD 54850-54983 are also listed.
Appendix B. Average γ-ray and neutrino fluxes in quies-
cence
The average γ-ray flux during the quiescent period is cal-
culated using eq. (3). The reported errors were calculated as
follows. For every point of the light curve in the time win-
dow MJD 54850-54983, we created a normal distribution of
N = 105 random numbers, with mean µ = Fγ,i and standard
deviation σ = σFγ,i , where the latter is the statistical error of the
measurement. We then performed N times the integral in eq. (3)
using a five-point Newton-Cotes method for values drawn from
the normal distributions described above. The distribution of
the average flux Fqγ is shown in Fig. B.11. The vertical lines
mark the interval where 68% of the values lies. These are used
to derive the reported errors, namely Fqγ = 4.199+0.175−0.165×10−10erg
cm−2 s−1. A similar procedure is used for the model-predicted
quiescent neutrino flux Fqν , where the values Fν,i and their re-
spective errors are calculated using eq. (2).
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Figure A.10: Model SEDs of Mrk 421 for MJD 55266-55276. All (colored) data-points are from [50]. The grey circles depict the
time-averaged SED of Mrk 421 over the period MJD 54850-54983 [47]. This is a good representation of the blazar non-flaring
(quiescent) emission. The model-derived spectra that fit the daily SEDs are plotted with black thick lines. The black dotted line is
an indicative fit to the quiescent emission.
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Figure A.10: Model SEDs continued.
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Table A.6: Values of the parameters that were allowed to vary while fitting the SEDs from MJD 55265 to MJD 55277. For reference,
the parameter values used for the time-averaged 2009 data [47] are also listed.
Date γe,max `
inj
e γp,max `
inj
p δ se
(MJD)
55265 1.2 × 105 2 × 10−5 8 × 106 3.2 × 10−4 22.3 1.2
55266 105 2 × 10−5 6.3 × 106 4 × 10−4 23 1.0
55267 8 × 104 1.6 × 10−5 6.3 × 106 5 × 10−4 22.3 1.2
55268 105 2 × 10−5 4 × 106 5 × 10−4 23.1 1.0
55269 8 × 104 2 × 10−5 6.3 × 106 4 × 10−4 22 1.0
55270 5 × 104 1.3 × 10−5 4 × 106 8 × 10−4 22 1.2
55271 5 × 104 2 × 10−5 6.3 × 106 5 × 10−4 20.5 1.0
55272 6.3 × 104 1.6 × 10−5 3.2 × 106 10−3 20.8 1.2
55273 5 × 104 1.6 × 10−5 4 × 106 6.3 × 10−4 20.5 1.2
55274 5 × 104 1.1 × 10−5 2.5 × 106 1.6 × 10−3 20 1.2
55275 5 × 104 2 × 10−5 3.2 × 106 10−3 19 1.2
55276 6.3 × 104 1.6 × 10−5 3.2 × 106 10−3 20 1.2
55277 5 × 104 2 × 10−5 3.2 × 106 10−3 19 1.2
54850-54983a 6.3 × 104 1.3 × 10−5 3.2 × 106 5.6 × 10−4 21.2 1.2
a For the 2009 data, a flatter proton distribution with sp = 0.6 was adopted.
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